1
It is an open question whether it holds in every Priifer ring, that is, in every domain of integrity in which every ideal with finite basis is a principal ideal.
2 (A Priifer ring can also be characterized as a domain of integrity in which the greatest common factor of any finite number of elements can be represented as a linear combination of these elements.) The Elementary Divisor Theorem will here be proved for what will be called "adequate" rings. They are special Priifer rings, but not restricted by any equivalent to a chain condition, so that they comprise considerably more than just the principal ideal rings. 8 2. Definition of adequate rings. Let R be a domain of integrity, a, b in R, and a^O. By a relatively prime part of a with respect to b> written RP(a t b), we shall understand a factor a± of a such that, if a = ai-a2, (i) (ai,&) = l, (ii) (a 3 , b) 7 e 1 for any non-unit factor a s of a 2 .
4
RP(a f b) may or may not exist; if it does, it is, in a sense, a largest factor of a that is relatively prime to b. We now define R to be an adequate ring if (i) R is a Priifer ring, (ii) RP (a, b) exists for all a, b in R with a^O.
3. Relationship to Priifer rings and principal ideal rings. By definition every adequate ring is a Priifer ring. On the other hand, every principal ideal ring is adequate; for in a ring of that kind we have unique prime power decomposition, and hence the existence of RP (a, b) for a^O is obvious. An example of an adequate ring which is not a principal ideal ring is furnished by the set of integral functions with coefficients in a field F. That a ring of this type is a Priifer ring has been proved in a previous paper. 5 The existence of RP(a, b) is an immediate consequence of the unique factorization theorem for integral functions (Theorem 6 of the same paper). Theorem 8 of that paper, finally, states that the ring is not a principal ideal ring.
4. Six lemmas. Now let R be an adequate ring. Among the properties of such a ring are those stated in the six lemmas below. The first four are well known, and hold in any Priifer ring; sketches of their proofs have been included, however, for reasons of completeness. LEMMA 3. The congruences , a n ) = d; a n , n) such that
If all but one ak are zero, then d=ak. Choose a 2k = • • • =a nk = 0, and the unity matrix for the rest of the a^-; the resulting determinant will be d or -d, if -d, a change of one 1 into -1 will put things right. If, on the other hand, no more than n -2 of the ak are zero, we can proceed by induction. For n = 1 the assertion is trivially correct. For n > 1 let
by induction we can find
Suppose now that
We can then complete our determinant as follows: RP(a, b) is uniquely determined except for a unit factor.
where #1 and a' are both largest factors of a that are relatively prime to b. We show first that (#2, a') = l. Suppose that (#2, a')-d^\\ then d\a^ and by definition of #i,
e 1, which is impossible by definition of a'. Hence (a 2 , 00 = 1, and we can now apply Lemma 1: since a^a'a", it follows that ai\a". Similarly a"\a 2 , so that #2 and a" can only differ by a unit factor. 
(b) For d = 1 the proof will be given by induction with respect to n. First, let n = 2. We have to find / so that the
have the greatest common factor 1. Note that any common factor of A i and A y is also a factor of On account of (12), not all D {j are zero; hence D^O, and we may define:
(Dt, Dj) = 1, * ^ h because a largest relatively prime factor of a quantity is always prime to the supplementary factor. Consequently, by Lemma 3, there exists a simultaneous solution t of the congruences
where a\ t is an inverse of au mod Di :
(the existence of a^ being guaranteed by Lemma 2, since (an, JO») = 1 by virtue of (25)). With / chosen thus, we shall now show that
From (21) and (27) But then, as c was not supposed to be a unit, none of its non-unit factors is prime to any au-In particular, Therefore, using induction with n = 2, we can find h such that PROOF. For n = 1 the theorem is trivially true. For n > 1 assume the theorem proved for all values less than n. It is sufficient to consider the case where ei (which is the greatest common factor of the coefficients of M) equals 1 ; for otherwise we first deal with the matrix M/ei, whose elementary divisors are 1, e 2 /e h • • • , e"/ei\ hence if 
qdn-i qi
Notice that we also have (54) |Q|-1.
We now multiply M from the left by P and from the right by Q:
. . * > . * 
We can now apply induction to the matrix Mi of order w -1 that appears in the lower right corner of PMQ. Let The case where m=n = r is covered by Theorem 2. H r <m or r <n or both, it will be shown below that M can be transformed unitarily into a matrix of the form where Mi is of type (mi, w x ) with r<»»i or r<«i, a further row or column of Mi (and hence of M) can be turned into zeros. This process will break off only when the form
